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Power restoration problems are daunting for a variety of reasons. First, since no typical operating base point is known, solving the resulting AC power flow problems is often challenging [2] . Second, good restoration plans jointly optimize the routing of repair crews and the scheduling of component energizing. The resulting optimization is a mixed integer nonlinear programming problem which is extremely challenging computationally. As a consequence, the power restoration algorithm proposed in [1] uses the linearized DC model in several steps, which makes it possible to model the problem in terms of mixed integer programs instead of mixed integer nonlinear programs.
The linearized DC model has been adopted as a generalpurpose tool for a variety of power system optimizations in recent years (e.g., [2] , [3] ). However, its accuracy has been the topic of much discussion: Most papers (e.g., [2] , [4] ) take an optimistic outlook, while others (e.g., [5] , [6] ) are more pessimistic. This issue is of particular interest for power restoration which involves human and economic welfare. It is critical that the linearized DC solution be a reasonable approximation of a high-quality AC power flow solution to avoid causing additional network instability. This paper studies the adequacy of using the linearized DC model for power restoration. It shows that, for power restoration, the linearized DC model may underestimate line loading significantly and produce solutions that are not feasible in an AC solver. Moreover, the experimental results suggest that large line phase angles are a good indicator of inaccurate active and apparent power estimations. The paper then proposes an Angle-Constrained DC Power Flow (ACDCPF) model that enforces constraints on the line phase angles and has the ability to shed load and generation across the network. The practicality of the approach is demonstrated on more than 11,000 damage contingencies in the IEEE30 network and validated on real-world power restoration problems arising in disaster management. The paper shows that the ACDCPF model produces solutions that are highly correlated with the AC power flow model and that these improvements in accuracy come with a reasonably small cost in load shedding. In particular, in the restoration context, the ACDCPF model is shown to be much more reliable and to produce significant reductions in the size of the blackouts compared to the linear DC model.
The rest of the paper is organized as follows, Section II gives a brief review on power system modeling. Section III motivates the paper by presenting a short review of the restoration order problem. Section IV investigates the accuracy of the linearized DC model under multiple line outages. Section V discusses the phase angle constraints and their impact. Section VI presents our ACDCPF model and its empirical evaluation. Section VII discusses a number of issues not addressed elsewhere in the paper. Section VIII concludes the paper and discusses future work.
II. POWER SYSTEM MODELING -A BRIEF REVIEW
a) AC Power Flow: The ground truth in this paper is the single-phase AC power model, which is widely accepted as a high-quality approximation of the steady-state behavior of real-world power flows. The single-phase AC power flow model uses Kirchhoff's current law and Ohm's law in the complex plane to define the active and reactive power injected at each power bus n, i.e., (e.g., using l/x or _~(.Z-l)) [14] , [15] , [16] , [17] ). Our goal is to make the AC and DC power models as similar as possible and our implementation reflects this choice.
In particular, we use the same susceptance,......value bY (n,m) in the AC and DC models and adopt the Ybus calculation described and implemented in MATPOWER [18] .
By necessity, the AC solvers use a slack bus to ensure the flow balance on the network when the total power consumption is not known a priori (due to line losses for instance). As a consequence, we also use a slack bus for the various DC models considered in this paper so that the AC and DC models can be accurately compared. It should be emphasized that the ACDCPF model proposed later in the paper does not need a slack bus and the only reason to use a slack bus in the ACDCPF model is to allow for meaningful comparisons between the DC and AC models. This issue is discussed in more length in Section VII.
From a computational standpoint, the linearized DC model is much more appealing than the AC model: It forms a system of linear equations that admit reliable algorithms. These linear equations can also be embedded into optimization frameworks for decision support in power systems [1] , [2] , [3] , [11] , [12] , [13] . However, it is important to verify whether the assumptions of the linearized DC model holds for each application domain. c) Implementation Choices: The linearized DC model is so pervasive that authors often forget to mention important implementation details. Indeed, reference [5] recently demonstrated that small changes to the model formulation may have a significant impact on its accuracl. Moreover, there are conflicting suggestions about how the Ybus matrix is derived These AC power flow equations can be solved by iterative solution techniques such as the Newton-Raphson method [7] , [8] , [9] . Convergence of these methods is not guaranteed and, when the system is heavily loaded, the solution space is riddled with infeasible low-voltage solutions which are not usable in practice [10] . In fact, finding a solution to the AC power flow when a base-point solution is unavailable is often "maddeningly difficult" [2] .
b) The Linearized DC Model: The linearized DC model is derived from the AC power flow model through a series of approximations justified by operational considerations. In particular, it is assumed that (1) the susceptance is large relative to the impedance Ib(n, m)1 » Ig(n,m)l; (2) the phase angle difference ()~m is small enough to ensure sin(()~m)~()~m; and (3) the voltage magnitudes IIVII are close to 1.0 and do not not vary significantly. Under these assumptions, the AC power flow equations reduce to
III. POWER RESTORATION AND LINEARIZED DC MODELS
The research in this paper is motivated by the joint repair and restoration of the transmission network after significant damages from a natural disaster. The goal is to schedule the repair and to re-energize the electrical components in order to minimize the size of the blackout. This joint repair/restoration problem is extremely challenging computationally and is solved through a sequence of optimization models [1] . Several of the models in the sequence use a linearized DC model and it is important to investigate whether this is adequate in the presence of significant disruptions of the transmission network.
For the purpose of this paper, it is sufficient to consider only one of the optimization problems proposed in [1] : The Restoration Order Problem (ROP). Conceptually, the ROP can be formulated as follows: A collection of D power system components have been disrupted and must be re-energized one at a time. The goal is to find a restoration order d 1 , d 2 , d 3 , •.. for all the components d; E D in order to maximize the served load over time. In [1] , the ROP is modeled as a generalization of Optimal Transmission Switching (OTS) (e.g., [11] , [19] ). More precisely, the ROP is built from a collection of OTS models, one for each restoration step, which are connected together to optimize the restoration order globally.
Ideally, the ROP problem should be solved using an AC power flow model. However, simply finding an AC power flow solution for such disruptions can be quite challenging, since no base-point solution is available. Furthermore, ROP and OTS problems require discrete decision variables to indicate which components are energized, producing highly complex mixed integer nonlinear programming models that are beyond the capabilities of existing optimization technology. As a result, OTSs and ROPs are modeled in terms of linearized DC models. Note that there is a significant difference between the OTS and the ROP models. In OTS models, lines are switched from a current working base-point, while the ROP has no basepoint because the disruption is arbitrary and extensive. As a result, it is not clear how accurate the resulting DC model is and whether it can be used in practice for restoration problems. This paper answers both questions. 
IV. DC POWER FLOW WITH MULTIPLE LINE OUTAGES
To understand the accuracy of the linearized DC model under significant disruptions, we begin with a comprehensive empirical study of the IEEE30 system. We consider 11,521 damage contingencies, some with as many as three line outages (about 7% of the total network). Despite its ubiquity for optimization with N-1 contingency constraints, the accuracy of the linearized DC model has only been evaluated for specific application domains (e.g., [2] , [6] ) and under normal operating conditions (e.g., [4] , [5] , [20] ).1 To our knowledge, this is the first direct study of the DC model accuracy for N-l, N-2, and N-3 contingencies.
To compare AC and DC models, we measure the same information (e.g., active power, phase angles, ...) in both models and plot their correlation. Specifically, for some measurement data (e.g., the active power of a line), the x-axis gives the data value in the AC model and the y-axis gives the data value in the DC model. As a result, the closer the plot is to the line x == y, the more the AC and DC models agree. We will To compare the DC and AC models for ROPs, we can ignore the optimization process and focus on the solution returned, i.e., a restoration ordering. The quality of an ordering can be evaluated by a series of power flow calculations. Each step implements a change in the network topology since an additional component comes online and the power flow calculation gives the increase in served loads (or, equivalently, the reduction in the blackout). Therefore, to understand the accuracy of the linearized DC model in the restoration context, it is sufficient to study the accuracy of the linearized DC model in isolation when it is subject to significant topological changes. Model 1 presents the linearized DC model (LDC) implementing our modeling assumptions. The model takes as inputs a power network PN, susceptance values b", and the index s of the slack bus. The goal is to find the phase angles of all buses. Constraint Ml.l fixes the phase angle of the slack bus to 0 and constraint Ml.2 implements the power flow model as defined in Equation 1. It is important to note that the power balance constraint is not posted for the slack bus. This allows the slack bus to pick up any unserved loads and balance the power in the network as is done in a traditional AC power flow model. focus primarily on apparent power since it is of particular interest to applications with line capacities. Obviously, in the DC model, apparent power is approximated by active power. The AC model is initialized with the voltages set to 1.0 and the phase angles to zero. For N-3 contingencies, it fails to converge in about 1% of the cases, as described later in the paper. Figure 1 presents the correlation of apparent power for all N-l, N-2, and N-3 outages on the IEEE30 benchmark, giving us a total of 11,521 damaged networks. Each data point in the plots represents the apparent power of a line and, for brevity, the results are grouped by the number of outages and superimposed onto the same correlation graph. The plots also use red triangles for data points obtained from networks that feature large line phase angles (i.e., IO~m I > 11"/12). This makes it possible to understand the link between large line phase angles and discrepancies in apparent power. Figure 1 highlights a number of interesting phenomena. First, observe that the overall accuracy of the model degrades significantly as the number of damaged components increases, which is concerning for power restoration applications. Second, the linearized DC model underestimates apparent power systematically and the more significant errors are almost always associated with large line phase angles. Finally, the plots indicate a general trend for the apparent power to lean to the right for large line loads. This is due to line losses which are not captured in the DC model. This limitation can be addressed in the linearized DC model as discussed in [2] , [5] , [21] , [20] and these solution techniques are completely orthogonal to the proposals in this paper. Figure 2 dives deeper into these results and investigates the worst-case damage scenarios (i.e., N-3 contingencies) in more detail by presenting results for active power (left), bus phase angles (center), and reactive power (right). Once again, the color red represents large line phase angles. The left plot depicts the correlation of active power. It indicates that the linearized DC model underestimates active power on large line loads, which are also characterized by large line angles. The center plot depicts the correlation of the bus phase angles. It shows that the linearized DC model systematically underestimates the bus phase angles and the errors increase with large line phase angles. The right histogram depicts the number of lines whose reactive power fall within a certain range in the AC power flow. The color of each bar reflects the percentage of data points which are marked red in the other plots. The histogram reveals that N-3 contingencies produce a significant amount of reactive power on many lines, almost all of which exhibit large line phase angles. These results thus indicate that large line angles are correlated with both underapproximations of active power and large reactive power, and hence produce significant errors in estimating apparent power.
Model 1 Linearized DC Power Flow (LDC).
To increase our intuition, it is also worthwhile to consider one particular bus from the IEEE30 system. Bus 1 in the IEEE30 is connected to buses 2 and 3 with impedances of 0.0192 +iO.0575 and 0.0452 +iO.1652 respectively (and thus susceptance values of -15.65 and -5.632 respectively). We investigate the N-1 contingencies around this bus to show how large angle differences and reactive flows are connected. Table I presents the results for three scenarios: Normal operations, line 1-3 is damaged, and line 1-2 is damaged. Note that, in normal operations, two thirds of the active power is flowing on the line 1-2, so the contingency on that line is likely to be more interesting. The results indicate that, under normal operating conditions and when line 1-3 is damaged, the active power flows are very similar in both models and the phase angles are small. However, when line 1-2 is damaged, the phase angle approaches 0.5 radians and this coincides with a large discrepancy in apparent power between the two models: The active flow in DC power model is 20% lower than the AC value and a large reactive flow exists.
In summary, the results show that the linearized DC model becomes increasingly less accurate under significant network disruptions. Many of these disruptions create large line phase angles, which lead to under-estimations of active power and significant reactive power.
v. CONSTRAINTS ON PHASE ANGLE DIFFERENCES
The linearized DC model (i.e., Modell) is a system of linear equations that can be solved very efficiently, particularly for sparse matrices which is the case for power systems. However, since the phase angles are not restricted in the model, it potentially violates a fundamental assumption of the derivation, i.e., sin (O~-0::n)~O~-O::n. Moreover, the AC model guarantees that -1 :S sin (O~-O::n) :S 1 while the approximation of the sine term in the linearized DC model is unconstrained. This is problematic because the linearized DC model can produce solutions which are infeasible for the AC power model. In normal operating conditions, this is not likely. But this is certainly possible when large disruptions occur. Obviously, it is possible to state the constraints -1 :S O~-O::n :S 1 and use linear programming to obtain a feasible solution but this does not guarantee an accurate approximation (the error is about 20% at the extremes). Even for resonable phase angles, the linearized DC model will under-estimate them, as shown in Figure 3 . High model accuracy requires much stronger constraints. It is not necessary for the ACDCPF model in practice and is only introduced here to make meaningful comparisons between the ACDCPF and AC models. Note also that constraint (M2.3) can be posted for every bus, because generator dispatching and load shedding is used to balance load and generation. The ACDCPF model is close to Optimal Power Flow (OPF) models that support flexible generation but typically not load shedding [22] , [23] , [24] . Our experimental results indicate that the difference in phase angles should be no more than ±7f/12 (15 degrees) to ensure high accuracy. This tight constraint introduces no more than 1.1% error in active flow on each line due to the sine approximation. The exact value for this constraint is context-dependent. Observe that line phase angle constraints are very different from bus phase angle constraints (e.g. -7f / 6 :S ()O :S 7f / 6) that have been employed previously in [1] , [13] , [11] , [19] . Similar branch angle constraints are supported by MATPOWER [18] and appear in securityconstrained applications [25] . However, in these contexts the phase angle constraints implement operational side-constraints and are not used to ensure model accuracy or shed loads. Adopting the ACDCPF model is a significant departure from previous work on the accuracy of the linearized DC models (e.g. [4] , [5] , [20] ) which do not consider re-dispatching generation and shedding loads in the interest of model accuracy.
It is important to emphasize that, in power restoration, the ACDCPF model is not actually performing load shedding: Rather it decides how much load can be served after a component has been repaired without exacerbating the instability of the network. 
A. Case Study: The IEEE30 Network
Section IV showed that the accuracy of the linearized DC model may degrade with significant line damages and that large line phase angles are indicative of such degradation. This section repeats these experiments with the ACDCPF model. Since the ACDCPF model may shed load and generation, it is important to formulate the AC solver appropriately for comparison purposes. In particular, we use the active power values obtained from the ACFCPF model and we obtain the reactive power values by scaling the active power using the power factor, thus shedding active and reactive power proportionally. This shedding approach provides resonable reactive voltage support for a wide range of networks. Figure 4 revisits the correlation of apparent power under different damage conditions. The figure depicts the N-l (left), 2Load shedding may not be acceptable in other settings where the load must be fully served. However, the ACDCPF may see other interesting uses with the advent of demand response. N-2 (center), and N-3 (right) damage contingencies on the IEEE30 system and the results indicate that the ACDCPF model is performing very well. The main source of errors is now due to line losses on heavily loaded lines. As we said earlier, corrections for line losses are well studied and can be integrated in the ACDCPF model (e.g., [2] , [5] , [20] , [21] ). There is only one outlier in 10,638 solved N-3 contingencies, which is rather promising. Figure 5 dives in to the worst case N-3 damage scenarios and presents results for active power (left), bus phase angles (center), and reactive power (right).
The figure now shows a strong correlation for active power and a significant reduction in reactive power. The bus phase angles also show significantly better correlation.
These results indicate that line phase angle constraints largely remedy the inaccuracies of the linearized DC model and stabilize reactive power flows. This is at the cost of load shedding and it is important to quantify this loss. Table II  summarizes 
B. Case Study: Power Restoration
We now investigate the ACDCPF model for power restoration. In the context of restoration, the damage is so extensive that the full load cannot be served and load shedding always takes place. Figure 6 investigates an illustrative hurricane disaster scenario based on the United States power infrastructure. Additional scenarios are omitted for space considerations. In all of the graphs, two restoration plans are compared, an unconstrained (DCPF RP) and an angle-constrained plan (ACDCPF RP). The x-axis indicates how the power flow solution changes as new restoration actions are executed.
The DC restoration timeline (left) shows the restoration plans proposed by the DCPF and ACDCPF models. The ACDCPF RP restores about 10% less power because it sheds load to satisfy the angle constraint.
The AC restoration timeline (center) is much more illuminating: It depicts the restoration plans obtained by the AC model when initialized with the DC solutions. First, observe that a number of data points are missing: This is caused by the inability of the AC solver to converge, which is not surprising given that there is no hand-tuning of the AC model and solution convergence under unfamiliar conditions is considered "maddeningly difficult" [2] . The dotted lines compensate for the missing data, by adopting the previous power flow solution when available. The AC restoration timeline thus demonstrates that the DCPF model does not easily admit an AC solution under significant disruptions, while the ACDCPF model consistenly produces solutions. In addition, and more importantly, the AC restoration plan for the ACDCPF model is very close to its DC counterpart, while the DCPF model produces a substantially worse AC restoration plan.
The right figure shows the total apparent power that exceeds all of the line capacities at various stages of restoration. Indeed, the IEEE30 case study indicates that large phase angles coincide with significant under-approximation of apparent power and that phase angle constraints mitigate these effects. The right figure confirms these results for the Rap by investigating the amount of power that exceeds line capacities. Less than half of the data points for the DCPF model are available, but those data points can have staggering line overloads, which can reach up to 500 MVA. On the contrary, the ACDCPF model significantly reduces line overloads and ensures they are consistently under 100 MVA.
Together, these results indicate that the ACDCPF model makes significant improvements to power restoration. Although its DC restoration plan restores 10% less power over time, its AC restoration plan restores significantly more power and keeps line overloads under control, which is not the case for the DCPF model.
VII. DISCUSSION
A. Impact of the Slack Bus
The power system slack bus is a modeling artifact for solving the AC power flow equations and does not exist in power system operations [26] . In fact, the slack bus formulation is undesirable as it accumulates line losses along the path to the slack bus, increases the load at the slack bus, and potentially causes larger phase angles and inaccuracies in apparent power [5] . It is important to emphasize that the ACDCPF does not require a slack bus: The ACDCPF model is capable of shedding load and generation appropriately to balance the network without resorting to a slack bus or dedicated heuristics. The slack bus was used in this paper only to allow for a natural comparison between the DC and AC models. Model inaccuracies maybe overestimated by the slack bus based AC formulation because it is an approximation of real power system behavior.
B. Line Capacities
It should also be clear that line capacines can easily be added to the ACDCPF model which is a linear program. In fact, our ACDCPF model for power restoration uses capacity constraints on the lines. Line capacities have an interesting connection to line phase angle constraints. In an AC model, a 
Therefore, line capacity constraints in the ACDCPF model can be viewed as line phase angle constraints. In practice, line capacity constraints may be more or less restrictive than line phase angle constraints and there is no harm in posting both constraints in a linear program. Interestingly, for the standard IEEE benchmarks and those provided with MAT-POWER, capacity constraints are significantly less constraining than a ±7f/12 phase angle constraint. The relationship between line angle constraints and line capacity constraints is fortunate because many existing power system optimization tools support line capacity constraints. A simple preprocessing step can transform line phase angle constraints into equivalent line capacity constraints to ensure model accuracy in existing power system optimization tools. 
